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A COMMUTANT REALIZATION OF ODAKE’S ALGEBRA
THOMAS CREUTZIG AND ANDREW R. LINSHAW
ABSTRACT. The bcβγ-systemW of rank 3 has an action of the affine vertex algebra V0(sl2),
and the commutant vertex algebra C = Com(V0(sl2),W) contains copies of V−3/2(sl2) and
Odake’s algebra O. Odake’s algebra is an extension of the N = 2 superconformal algebra
with c = 9, and is generated by eight fields which close nonlinearly under operator product
expansions. Our main result is that V
−3/2(sl2) and O form a Howe pair (i.e., a pair of
mutual commutants) inside C. More generally, any finite-dimensional representation of a
Lie algebra g gives rise to a similar Howe pair, and this example corresponds to the adjoint
representation of sl2.
1. INTRODUCTION
Let V be a vertex algebra, and let A be a subalgebra of V . The commutant of A in
V , denoted by Com(A,V), is the subalgebra consisting of all elements v ∈ V such that
[a(z), v(w)] = 0 for all a ∈ A. This construction was introduced by Frenkel-Zhu in [FZ],
generalizing earlier constructions in representation theory [KP] and physics [GKO], and
is important in the construction of coset conformal field theories. Many interesting ver-
tex algebras have commutant realizations. For example, the Zamolodchikov W3-algebra
with central charge c = −2 can be realized as the commutant of the Heisenberg algebra
inside the βγ-system [Wa]. The Feigin-Semikhatov algebra W(2)n at critical level can be
realized as the commutant of V0(psl(n|n)) inside the bcβγ-system of rank n2 for n ≤ 4, and
conjecturally for all n [CGL]. The orbifold vertex algebra M(1)+ can be realized as the
commutant of the affine vertex algebra L
C
(1)
l
(−Λ0) inside the tensor product of two copies
of L
C
(1)
l
(−1
2
Λ0) [AP]. Here M(1)
+ denotes the Z/2Z-invariant subalgebra of the rank l
Heisenberg algebra, which is an important building block of the orbifold vertex algebra
V +L for any lattice L of rank l. In general, commutants are difficult to study and there
are very few examples where an exhaustive description can be given in terms of genera-
tors, operator product expansions, and normally ordered polynomial relations among the
generators. It is also natural to study the double commutant Com(Com(A,V),V), which
always contains A. If A = Com(Com(A,V),V), we say that A and Com(A,V) form a
Howe pair inside V .
We begin with a simple, finite-dimensional Lie algebra g and a finite-dimensional linear
representation V of g, via ρ : g → End(V ). Associated to ρ is the bilinear form B(ξ, η) =
trV (ρ(ξ)ρ(η)) on g. There is a natural action of the affine vertex algebra V1(g, B) on the bc-
system E = E(V ) associated to V , and an analogous action of V−1(g, B) on the βγ-system
S = S(V ). These combine to give an action of the level zero affine vertex algebra V0(g) on
the bcβγ-systemW = E ⊗S. Let ΘE , ΘS , and ΘW denote the images of V1(g, B), V−1(g, B),
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and V0(g) inside E , S, and W , respectively. The commutants Com(ΘE , E), Com(ΘS ,S),
and Com(ΘW ,W), coincide with the invariant spaces Eg[t], Sg[t], and Wg[t], respectively.
Since Sg[t] ⊂ Wg[t], we may define
C(g, V ) = Com(Sg[t],Wg[t]).
Clearly Eg[t] ⊂ C(g, V ), but in general C(g, V ) is larger than Eg[t] and contains fields that
depend on the generators βx, γx
′
of S. We establish some basic properties of C(g, V ), and
in particular we show that Sg[t] and C(g, V ) always form a Howe pair insideWg[t].
In the case where g = sl2 and V is the adjoint moduleC
3, Ssl2[t] and E sl2[t] are isomorphic
to V−3/2(sl2) and a rank-one lattice vertex algebra, respectively. Our main result is that
C(sl2,C3) is isomorphic to Odake’s algebra O. This algebra is an extension of the N = 2
superconformal algebra with central charge c = 9, and is strongly generated by a U(1)
current F , a Virasoro element L, four primary fields G, G¯,X, X¯ of weight 3
2
, and two
primary fields Y, Y¯ of weight 2. The algebraO appeared first in the context of superstring
theory. The target space of a ten-dimensional superstring is R4 × X , where X is a three-
dimensional Calabi-Yau manifold. The sigma model of such a Calabi-Yau manifold has
N = (2, 2) superconformal symmetry, and due to Ricci-flatness an additional symmetry
associated to the holomorphic (3, 0) and anti-holomorphic (0, 3) forms. The main result
of [OI] is that the underlying conformal field theory is two copies ofO. On a similar note,
Malikov-Schechtman-Vaintrob have associated to any smooth manifold a sheaf of vertex
algebra known as the chiral de Rham sheaf [MSV], and it was recently shown in [EHKZ]
that the algebra of global sections Ωch(X) contains two commuting copies of O.
It is interesting to study the vertex algebras Sg[t], Eg[t], Wg[t], and C(g, V ) for any g and
V , and it appears that they have nice structures in general. In the last section, we iden-
tify these algebras in the case where g = sl2 and V = C
2. We will see that Ssl2[t], E sl2[t],
andWsl2[t] are isomorphic to the Heisenberg algebra, the irreducible affine vertex algebra
L1(sl2), and a homomorphic image of V1(sl(2|1)), respectively. Finally, C(sl2,C2) is iso-
morphic to L1(sl2)⊗W3,−2, whereW3,−2 is the ZamolodchikovW3-algebra with c = −2.
2. VERTEX ALGEBRAS
In this section, we define vertex algebras, which have been discussed from various
different points of view in the literature (see for example [B][FLM][K][FBZ]). We will
follow the formalism developed in [LZ] and partly in [LiI]. Let V = V0 ⊕ V1 be a super
vector space over C, and let z, w be formal variables. By QO(V ), we mean the space of all
linear maps
V → V ((z)) := {
∑
n∈Z
v(n)z−n−1|v(n) ∈ V, v(n) = 0 for n >> 0}.
Each element a ∈ QO(V ) can be uniquely represented as a power series
a = a(z) :=
∑
n∈Z
a(n)z−n−1 ∈ End(V )[[z, z−1]].
We refer to a(n) as the nth Fourier mode of a(z). Each a ∈ QO(V ) is assumed to be of the
shape a = a0 + a1 where ai : Vj → Vi+j((z)) for i, j ∈ Z/2Z, and we write |ai| = i.
On QO(V ) there is a set of nonassociative bilinear operations ◦n, indexed by n ∈ Z,
which we call the nth circle products. For homogeneous a, b ∈ QO(V ), they are defined
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by
a(w) ◦n b(w) = Resza(z)b(w) ι|z|>|w|(z − w)n − (−1)|a||b|Reszb(w)a(z) ι|w|>|z|(z − w)n.
Here ι|z|>|w|f(z, w) ∈ C[[z, z−1, w, w−1]] denotes the power series expansion of a rational
function f in the region |z| > |w|. We usually omit the symbol ι|z|>|w| and just write
(z−w)−1 to mean the expansion in the region |z| > |w|, and write −(w− z)−1 to mean the
expansion in |w| > |z|. It is easy to check that a(w)◦n b(w) above is a well-defined element
of QO(V ).
The nonnegative circle products are connected through the operator product expansion
formula. For a, b ∈ QO(V ), we have
(2.1) a(z)b(w) =
∑
n≥0
a(w) ◦n b(w) (z − w)−n−1+ : a(z)b(w) :,
which is often written as a(z)b(w) ∼∑n≥0 a(w) ◦n b(w) (z−w)−n−1, where ∼means equal
modulo the term
: a(z)b(w) : = a(z)−b(w) + (−1)|a||b|b(w)a(z)+.
Here a(z)− =
∑
n<0 a(n)z
−n−1 and a(z)+ =
∑
n≥0 a(n)z
−n−1. Note that : a(w)b(w) : is a
well-defined element of QO(V ). It is called the Wick product of a and b, and it coincides
with a ◦−1 b. The other negative circle products are related to this by
n! a(z) ◦−n−1 b(z) = : (∂na(z))b(z) : ,
where ∂ denotes the formal differentiation operator d
dz
. For a1(z), . . . , ak(z) ∈ QO(V ), the
k-fold iterated Wick product is defined to be
: a1(z)a2(z) · · · ak(z) : = : a1(z)b(z) :,
where b(z) = : a2(z) · · · ak(z) :. We often omit the formal variable z when no confusion
can arise.
The set QO(V ) is a nonassociative algebra with the operations ◦n and a unit 1. We have
1 ◦n a = δn,−1a for all n, and a ◦n 1 = δn,−1a for n ≥ −1. A linear subspace A ⊂ QO(V )
containing 1 which is closed under the circle products will be called a quantum operator
algebra (QOA). In particularA is closed under ∂ since ∂a = a◦−2 1. Many formal algebraic
notions are immediately clear: a homomorphism is just a linear map that sends 1 to 1
and preserves all circle products; a module over A is a vector space M equipped with a
homomorphism A → QO(M), etc. A subset S = {ai| i ∈ I} of A is said to generate A if
any element a ∈ A can be written as a linear combination of nonassociative words in the
letters ai, ◦n, for i ∈ I and n ∈ Z. We say that S strongly generates A if any a ∈ A can be
written as a linear combination of words in the letters ai, ◦n for n < 0. Equivalently, A is
spanned by the collection {: ∂k1ai1(z) · · ·∂kmaim(z) : | i1, . . . , im ∈ I, k1, . . . , km ≥ 0}.
We say that a, b ∈ QO(V ) quantum commute if (z − w)N [a(z), b(w)] = 0 for some N ≥ 0.
Here [, ] denotes the super bracket. This condition implies that a ◦n b = 0 for n ≥ N ,
so (2.1) becomes a finite sum. A commutative quantum operator algebra (CQOA) is a QOA
whose elements pairwise quantum commute. Finally, the notion of a CQOA is equivalent
to the notion of a vertex algebra. Every CQOA A is itself a faithful A-module, called the
left regular module. Define
ρ : A → QO(A), a 7→ aˆ, aˆ(ζ)b =
∑
n∈Z
(a ◦n b) ζ−n−1.
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Then ρ is an injective QOA homomorphism, and the quadruple of structures (A, ρ, 1, ∂)
is a vertex algebra in the sense of [FLM]. Conversely, if (V, Y, 1, D) is a vertex algebra, the
collection Y (V ) ⊂ QO(V ) is a CQOA. We will refer to a CQOA simply as a vertex algebra
throughout the rest of this paper.
Example 2.1 (Affine vertex algebras). Let g be a finite-dimensional, complex Lie (su-
per)algebra, equipped with a symmetric, invariant bilinear form B. The loop algebra
g[t, t−1] = g ⊗ C[t, t−1] has a one-dimensional central extension gˆ = g[t, t−1] ⊕ Cκ deter-
mined by B, with bracket
[ξtn, ηtm] = [ξ, η]tn+m + nB(ξ, η)δn+m,0κ,
and Z-gradation deg(ξtn) = n, deg(κ) = 0. Let gˆ≥0 =
⊕
n≥0 gˆn where gˆn denotes the sub-
space of degree n, and letC be the one-dimensional gˆ≥0-module on which ξt
n acts trivially
for n ≥ 0, and κ acts by k times the identity. Define V = U(gˆ) ⊗U(gˆ≥0) C, and let Xξ(n) ∈
End(V ) be the linear operator representing ξtn on V . Define Xξ(z) =
∑
n∈ZX
ξ(n)z−n−1,
which is easily seen to lie in QO(V ) and satisfy the operator product relation
Xξ(z)Xη(w) ∼ kB(ξ, η)(z − w)−2 +X [ξ,η](w)(z − w)−1.
The vertex algebra Vk(g, B) generated by {Xξ| ξ ∈ g} is known as the universal affine vertex
algebra associated to g and B at level k. If g is a simple, finite-dimensional Lie algebra, we
will always take B to be the normalized Killing form 1
2h∨
〈, 〉K , and we use the notation
Vk(g).
We recall the Sugawara construction for affine vertex (super)algebras following [KRW].
Suppose that g is simple and that the bilinear form B is nondegenerate. Let {ξ} and {ξ′}
be dual bases of g, i.e., B(ξ′, η) = δξ,η. Then the Casimir operator is C2 =
∑
ξ ξξ
′. The dual
Coxeter number h∨ with respect to the bilinear form B is one-half the eigenvalue of C2 in
the adjoint representation of g. If k + h∨ 6= 0, there is a Virasoro field
LSug =
1
2(k + h∨)
∑
ξ
: XξXξ
′
:
of central charge c = ksdimg
k+h∨
, which is known as the Sugawara conformal vector.
Example 2.2 (βγ and bc systems). Let V be a finite-dimensional complex vector space. The
βγ system or algebra of chiral differential operators S = S(V )was introduced in [FMS]. It
is the unique vertex algebra with even generators βx, γx
′
for x ∈ V , x′ ∈ V ∗, which satisfy
βx(z)γx
′
(w) ∼ 〈x′, x〉(z − w)−1, γx′(z)βx(w) ∼ −〈x′, x〉(z − w)−1,
βx(z)βy(w) ∼ 0, γx′(z)γy′(w) ∼ 0.
Here 〈, 〉 denotes the natural pairing between V ∗ and V . We give S the conformal structure
(2.2) LS =
n∑
i=1
: βxi∂γx
′
i :,
of central charge c = 2n, under which βxi , γx
′
i are primary of weights 1, 0, respectively.
Here {x1, . . . , xn} is a basis for V and {x′1, . . . , x′n} is the dual basis for V ∗.
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Similarly, the bc system E = E(V ), which was also introduced in [FMS], is the unique
vertex superalgebra with odd generators bx, cx
′
for x ∈ V , x′ ∈ V ∗, which satisfy
bx(z)cx
′
(w) ∼ 〈x′, x〉(z − w)−1, cx′(z)bx(w) ∼ 〈x′, x〉(z − w)−1,
bx(z)by(w) ∼ 0, cx′(z)cy′(w) ∼ 0.
We give E the conformal structure
LE = −
n∑
i=1
: bxi∂cx
′
i :,
of central charge c = −2n, under which bxi , cx′i are primary of conformal weights 1, 0,
respectively.
LetW = E ⊗ S, equipped with the combined Virasoro element
LW = LE + LS
of central charge c = 0.
Example 2.3 (Odake’s algebra). Consider a rank 6 Heisenberg vertex algebra with gener-
ators α±i , i = 1, 2, 3 and non-regular operator products
α+i (z)α
−
i (w) ∼ (z − w)−2,
tensored with a rank three bc-system with generators bi, ci, i = 1, 2, 3 and non-regular
operator products
bi(z)ci(w) ∼ (z − w)−1.
In [OI], Odake defines a vertex superalgebra O as the subalgebra generated by the fields
G, G¯,X, X¯ given by
G =
3∑
i=1
: biα
+
i :, G¯ =
3∑
i=1
: ciα
−
i :, X = : b1b2b3 :, X¯ = : c1c2c3 : .
Define additional fields
Y =
1
2
G¯ ◦1 X, Y¯ = 1
2
G ◦1 X¯, F = G ◦2 G¯, L = G ◦1 G¯− 1
2
∂F.
It turns out thatO is strongly generated by the eight fieldsF, L,G, G¯,X, X¯, Y, Y¯ . Moreover,
L is a Virasoro element of central charge 9, F is primary of weight one, G, G¯,X, X¯ are
primary of weight 3
2
, and Y, Y¯ are primary of weight 2 [OI]. The fields F,G, G¯, L generate
a copy of the N = 2 superconformal algebra with central charge c = 9:
F (z)F (w) ∼ 3(z − w)−2, G(z)G(w) ∼ 0, G¯(z)G¯(w) ∼ 0,
F (z)G(w) ∼ G(w)(z − w)−1, F (z)G¯(w) ∼ −G¯(w)(z − w)−1,
G(z)G¯(w) ∼ 3(z − w)−3 + F (w)(z − w)−2 + (L(w) + 1
2
∂F (w))(z − w)−1.
(2.3)
The fields F,X, X¯ satisfy
F (z)X(w) ∼ 3X(w)(z − w)−1, F (z)X¯(w) ∼ −3X¯(w)(z − w)−1,
X(z)X¯(w) ∼ −(z − w)−3 − F (w)(z − w)−2 − 1
2
(
: F (w)F (w) : +∂F (w)
)
(z − w)−1.
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The additional operator product relations of F,G, G¯with X, X¯, Y, Y¯ are
F (z)Y (w) ∼ 2Y (w)(z − w)−1, F (z)Y¯ (w) ∼ −2Y¯ (w)(z − w)−1,
G(z)X(w) ∼ 0, G¯(z)X(w) ∼ 2Y (w)(z − w)−1,
G¯(z)X¯(w) ∼ 0, G(z)X¯(w) ∼ 2Y¯ (w)(z − w)−1,
G(z)Y (w) ∼ 3
2
X(w)(z − w)−2 + 1
2
∂X(w)(z − w)−1, G(z)Y¯ (w) ∼ 0,
G¯(z)Y¯ (w) ∼ 3
2
X¯(w)(z − w)−2 + 1
2
∂X¯(w)(z − w)−1, G¯(z)Y (w) ∼ 0.
The remaining operator product relations of X, X¯, Y, Y¯ are
Y (z)Y¯ (w) ∼ −3
4
(z − w)−4 − 1
2
F (w)(z − w)−3−
1
4
(
L(w) + ∂F (w) +
1
2
: F (w)F (w) :
)
(z − w)−2+
1
4
(
: G(w)G¯(w) : − : L(w)F (w) : −∂L(w) − 1
4
∂
(
: F (w)F (w) :
))
(z − w)−1,
X(z)Y¯ (w) ∼ −1
2
G(w)(z − w)−2 − 1
2
(
: G(w)F (w) : +∂G(w)
)
(z − w)−1,
X¯(z)Y (w) ∼ −1
2
G¯(w)(z − w)−2 − 1
2
(
− : G¯(w)F (w) : +∂G¯(w)
)
(z − w)−1,
X(z)Y (w) ∼ 0, X¯(z)Y¯ (w) ∼ 0.
Finally, the following normally ordered polynomial relations hold in O:
(2.4) ∂X = : FX :, ∂X¯ = − : FX¯ :, : Y Y : = 0, : Y¯ Y¯ : = 0.
Odake uses the physics notation for the operators of a field, that is A(n) = An−hA+1
where hA is the conformal dimension of the fieldA(z). ClearlyO is a highest-weight mod-
ule over the Lie algebra generated by the modes {An| n ∈ Z, A ∈ {F, L,G, G¯,X, X¯, Y, Y¯ },
with highest-weight vector |0〉 satisfying
An|0〉 = 0, if n > 0 for all A ∈ {F, L,G, G¯,X, X¯, Y, Y¯ }.
Similar, we call Hh,m a highest-weight module of the N = 2 superconformal algebra with
c = 9 if it contains a highest-weight vector |h,m〉 satisfying
L0|h,m〉 = h|h,m〉, F0|h,m〉 = m|h,m〉,
An|h,m〉 = 0, if n > 0 for all A ∈ {F, L,G, G¯}
Odake shows the following (Theorem 3 in [OII]):
Theorem 2.4. The algebraO decomposes into highest-weight modules of the N = 2 superconfor-
mal algebra with central charge c = 9 as
(2.5) O =
⊕
m∈Z>0
Hm2+m−1/2,2m+1 ⊕H0,0 ⊕
⊕
m∈Z<0
Hm2−m−1/2,2m−1
and the highest-weight vector of Hm2+m−1/2,2m+1 is
|m2 +m− 1/2, 2m+ 1〉 = Y−2m · · ·Y−6Y−4X−3/2|0〉
6
form > 0 and
|m2 −m− 1/2, 2m− 1〉 = Y¯2m · · · Y¯−6Y¯−4X¯−3/2|0〉
form < 0.
It is known that the vacuum Verma module of the N = 2 superconformal algebra with
c = 9 is simple [HR]. There exists a family of automorphisms of this algebra, called
spectral flow in physics. These are induced automorphisms σα, α ∈ Z of affine Weyl
translations, and they act as
σα(Ln) = Ln + αFn +
3
2
α2δn,0, σα(Fn) = Fn + 3αδn,0
σα(Gn) = Gn+α, σα(G¯n) = G¯n−α.
These can be used to define twisted modules σ∗α(M) for a given module M . Each vector
v ∈M is mapped to σ∗α(v) and the twisted algebra action is
Aσ∗α(v) = σ
∗
α(σ−α(A)v)
for allA in theN = 2 superconformal algebra of central charge c = 9. The twisted module
of an irreduciblemodule is itself irreducible. In particular, a twisted highest-weight vector
satisfying
Aσ∗α(|0〉) = σ∗α(σ−α(A)|0〉)
for all A in the N = 2 superconformal algebra of central charge c = 9must be an element
of an irreducible module. Exactly this equation is satisfied by
(2.6) X3/2+3α · · ·X−15/2X−9/2X−3/2|0〉
for α < 0. For α > 0, replace X by X¯ and replace the subscript 3/2 + 3α by 3/2 − 3α.
For α = −m, the twisted highest-weight vector is related to the highest-weight vector
|m2 +m− 1/2, 2m− 1〉 by(
G¯1/2G¯3/2 · · · G¯3/2−α
)
X3/2+3α · · ·X−15/2X−9/2X−3/2|0〉 = 2−α−1Y2α · · ·Y−6Y−4X−3/2|0〉
= 2−α−1|α2 − α− 1/2,−2α− 1〉.
Hence we can conclude thatHm2+m−1/2,2m+1 ∼= σ∗−m(H0,0) form > 0. Interchanging barred
and unbarred quantities one similarly arrives at Hm2−m−1/2,2m−1 ∼= σ∗−m(H0,0) for m < 0.
This means that (2.5) is a decomposition of Odake’s algebra O into irreducible modules
of the N = 2 superconformal algebra with central charge c = 9. Furthermore, the Heisen-
berg modules (for the field F (z)) with highest-weight state (2.6) and their barred counter-
parts generate a simple lattice vertex algebra, namely the simple N = 2 superconformal
algebra with central charge c = 1. Combining these observations, we obtain
Theorem 2.5. O is a simple vertex algebra.
Finally, we will need the character formula for O, which was computed by Odake in
[OII].
ch[O](z; q) = trV0(qL(0)zF (0))
=
∞∏
n=1
(1 + zqn−
1
2 )(1 + z−1qn−
1
2 )
(1− qn)2
∑
m∈Z
qm
2
z2m − qm2+m+ 12z2m+1.
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The commutant construction. Let V be a vertex algebra and let A be a subalgebra of V .
The commutant of A in V , denoted by Com(A,V), is the subalgebra of vertex operators
v ∈ V such that [a(z), v(w)] = 0 for all a ∈ A. Equivalently, a(z)◦nv(z) = 0 for all a ∈ A and
n ≥ 0. We regard Com(A,V) as the algebra of invariants in V under the action ofA. IfA is
a homomorphic image of an affine vertex algebra Vk(g, B), Com(A,V) is just the invariant
space Vg[t]. It is also natural to study the double commutant Com(Com(A,V),V), which
always contains A. If A = Com(Com(A,V),V), we say that A and Com(A,V) form a
Howe pair inside V . Since
Com(Com(Com(A,V),V),V) = Com(A,V),
a subalgebra B is a member of a Howe pair if and only if B = Com(A,V) for some A.
Let g be a simple, finite-dimensional complex Lie algebra and V be an n-dimensional
linear representation of g via ρ : g→ End(V ). Associated to ρ is the bilinear formB(ξ, η) =
trV (ρ(ξ)ρ(η)). There is a vertex algebra homomorphism
τE : V1(g, B)→ E , τE(Xξ) = ΘξE =
n∑
i=1
: bρ(ξ)(xi)cx
′
i : .
There is a similar homomorphim
τS : V−1(g, B)→ S, τS(Xξ) = ΘξS = −
n∑
i=1
: βρ(ξ)(xi)γx
′
i : .
There is the combined action
τW : V0(g)→W = E ⊗ S, τW(Xξ) = ΘξW = ΘξE +ΘξS .
Let ΘE , ΘS , and ΘW denote the subalgebras of E , S, andW generated by {ΘξE}, {ΘξS},
and {ΘξW}, respectively, for ξ ∈ g. We are interested in the commutants Com(ΘE , E),
Com(ΘS ,S), and Com(ΘW ,W), which coincide with Eg[t], Sg[t], and Wg[t], respectively.
Since Sg[t] ⊂ Wg[t], we may define
C(g, V ) = Com(Sg[t],Wg[t]).
We will study C(g, V ) in the special cases where g = sl2 and V is the standard representa-
tion C2 and adjoint representation C3.
3. SOME GENERAL FEATURES OF Eg[t], Sg[t],Wg[t], AND C(g, V )
First, Eg[t] possesses a Virasoro element
LEg[t] = LE − τE(LSug),
where LSug is the Sugawara conformal vector in V1(g, B). There is also a U(1)-current
F = −
n∑
i=1
: bxicx
′
i : .
Similarly, Sg[t] possesses a Virasoro element
LSg[t] = LS − τS(LSug)
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where LSug is the Sugawara vector in V−1(g, B), which exists unless−B is the critical level
bilinear form. There is also a U(1) current
H =
n∑
i=1
: βxiγx
′
i : .
If V possesses a g-invariant, symmetric bilinear form, we may choose a corresponding
orthonormal basis x1, . . . , xn for V and dual basis x
′
1, . . . , x
′
n for V
∗. Then H is part of an
action of V−n/2(sl2) on Sg[t], given by
Xh 7→ vh =
n∑
i=1
: βxiγx
′
i :, Xx 7→ vx = 1
2
n∑
i=1
: γx
′
iγx
′
i :,
Xy 7→ vy = −1
2
n∑
i=1
: βxiβxi : .
The generators Xx, Xy, Xh for V−n/2(sl2) are in the usual root basis x, y, hwith commuta-
tion relations
[x, y] = h, [h, x] = 2x, [h, y] = −2y.
Finally,Wg[t] has a Virasoro element
LWg[t] = LW − τW(LSug).
If V possesses a symmetric invariant form as above, the V−n/2(sl2)-structure on Sg[t] ex-
tends to an action of the affine vertex superalgebra Vn(osp(2|2)) onWg[t]. The Lie superal-
gebra osp(2|2) is generated by four even elements X, Y,H,E and four odd elements F ǫǫ′,
where ǫ, ǫ′ ∈ {±}, and nonzero relations
[X, Y ] = H [H,X ] = 2X , [H, Y ] = −2Y , [E, F ǫǫ′] = ǫ′F ǫǫ′ ,
[H,F ǫǫ
′
] = ǫF ǫǫ
′
, [Y, F+ǫ] = −F−ǫ , [X,F−ǫ] = −F+ǫ , [F+−, F−+] = H + E ,
[F+−, F++] = 2X , [F−−, F++] = H − E , [F−−, F−+] = −2Y .
A nondegenerate consistent graded-symmetric invariant bilinear form is given by
B(H,H) = −1 , B(X, Y ) = −1
2
, B(E,E) = 1 ,
B(F+−, F−+) = −1 , B(F−−, F++) = 1 .
The Lie superalgebra osp(2|2) is simple and the bilinear form B is unique up to a scalar
multiple. Define vertex operators
Qβb =
n∑
i=1
: βxibxi , Qβc =
n∑
i=1
: βxicx
′
i :, Qγb =
n∑
i=1
: γx
′
ibxi :, Qγc =
n∑
i=1
: γx
′
icx
′
i :,
which are easily seen to lie in Wg[t]. Then the V−n/2(sl2) structure on Sg[t] extends to an
action of the affine vertex superalgebra Vn(osp(2|2)) onWg[t], where the generators are the
quadratics vx, vy, vh, F, Qβb, Qβc, Qγb, Qγc.
There are also a few properties of C(g, V ) which are worth pointing out. First, Eg[t] is
always a subalgebra of C(g, V ). In general, C(g, V ) is bigger than Eg[t] and contains fields
that depend on βx, γx
′
. There is a Virasoro element in C(g, V ) given by
L = LWg[t] − LSg[t].
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Theorem 3.1. Com(C(g, V ),Wg[t]) = Sg[t], so Sg[t] and C(g, V ) form a Howe pair insideWg[t].
Proof. Clearly Sg[t] ⊂ Com(C(g, V ),Wg[t]). Since LWg[t] and L are conformal structures on
Wg[t] and C(g, V ), respectively,
LWg[t] − L = LSg[t]
is a conformal structure on Com(C(g, V ),Wg[t]). Any field in Com(C(g, V ),Wg[t]) there-
fore cannot depend on the generators bx, cx
′
of E and their derivatives. We conclude that
Com(C(g, V ),Wg[t]) ⊂ Sg[t]. 
4. THE CASE WHERE g = sl2 AND V IS THE ADJOINT MODULE
In this section, we consider Eg[t], Sg[t], Wg[t], and C(g, V ) in the case where g = sl2 and
V is the adjoint representation C3. We work in the standard root basis x, y, h for sl2. The
generators of ΘW in this basis are
ΘxW = Θ
x
E +Θ
x
S , Θ
x
S = 2 : β
xγh
′
: − : βhγy′ :, ΘxE = −2 : bxch
′
: + : bh, cy
′
:,
ΘyW = Θ
y
E +Θ
y
S , Θ
y
S = −2 : βyγh
′
: + : βhγx
′
:, ΘyE = 2 : b
ych
′
: − : bhcx′ :,
ΘhW = Θ
h
E +Θ
h
S , Θ
h
S = −2 : βxγx
′
: +2 : βyγy
′
:, ΘhE = 2 : b
xcx
′
: −2 : bycy′ : .
Theorem 4.1. Ssl2[t] is isomorphic to V−3/2(sl2) and is generated by
vh = : βhγh
′
: + : βxγx
′
: + : βyγy
′
:,
vx =
1
2
(
: γh
′
γh
′
: + : γx
′
γy
′
:
)
,
vy = −1
2
(
: βhβh : +4 : βxβy :
)
.
This was proven in [L]. In fact, Ssl2[t] and ΘS form a Howe pair inside S (see [LL]).
Next, we recall the Friedan-Martinec-Shenker bosonization of fermions [FMS]. Let h be
the Heisenberg Lie algebra with generators j(n), n ∈ Z, and κ, satisfying [j(n), j(m)] =
nδn+m,0κ. We set the central element to one, κ = 1. The field j(z) =
∑
n∈Z j(n)z
−n−1
satisfies the operator product
j(z)j(w) ∼ (z − w)−2,
and generates a level one Heisenberg vertex algebraH. Define the free bosonic scalar field
φ(z) = q + j(0) ln z −
∑
n 6=0
j(n)
n
x−n,
where q satisfies [j(n), q] = δn,0. Clearly ∂φ(z) = j(z), and we have the operator product
φ(z)φ(w) ∼ ln(z − w).
Given α ∈ C, let Hα denote the irreducible representation of h generated by the vacuum
vector vα satisfying
j(n)vα = αδn,0vα, n ≥ 0.
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Given η ∈ C, the operator eηq(vα) = vα+η, so eηq maps Hα → Hα+η. Define the vertex
operator
Γη(z) = e
ηφ(z) = eηqzηαexp
(
η
∑
n>0
j(−n)z
n
n
)
exp
(
η
∑
n<0
j(−n)z
n
n
)
.
The Γη satisfy the operator products
j(z)Γη(w) ∼ ηΓη(w)(z − w)−1 + 1
η
∂Γη(w),
Γη(z)Γν(w) ∼ (z − w)ην : Γη(z)Γν(w) : .
If we take L to be the one-dimensional lattice Z with generator η, the pair of (fermionic)
fields Γη,Γ−η generate the lattice vertex algebra VL. The state space of VL is just
∑
n∈ZHn =
H⊗C L. It follows that
Γη(z)Γ−η(w) ∼ (z − w)−1, Γ−η(z)Γη(w) ∼ (z − w)−1,
Γη(z)Γη(w) ∼ 0, Γ−η(z)Γ−η(w) ∼ 0,
so VL is isomorphic to the bc-system of rank 1.
Theorem 4.2. E sl2[t] is strongly generated by
F = − : bhch′ : − : bxcx′ : − : bycy′ :,
Cbbb = : bxbybh :,
Cccc = : cx
′
cy
′
ch
′
: .
Proof. We use the above bosonization to express E as a lattice vertex algebra VL where
L ∼= Z3, with generators X, Y,H . Let φX , φY , φH be free bosons satisfying
φX(z)φX(w) ∼ ln(z − w), φY (z)φY (w) ∼ ln(z − w), φH(z)φH(w) ∼ ln(z − w).
We have an isomorphism E ∼= VL given by
bx 7→ ΓX , cx′ 7→ Γ−X , by 7→ ΓY , cy′ 7→ Γ−Y , bh 7→ ΓH , ch′ 7→ Γ−H .
Under this isomorphism,
ΘxE 7→ −2ΓX−H + ΓH−Y ,
ΘyE 7→ 2ΓY−H − ΓH−X ,
ΘhE 7→ 2∂φX − 2∂φY .
We change orthogonal bases as follows
A = X + Y +H, B = X + Y − 2H, C = X − Y .
Now, we see that the rank one lattice vertex algebra generated by ΓA and Γ−A lies in E sl2[t],
since
ΘxE = : ΓC/2(−2ΓB/2 + Γ−B/2) : ,
ΘyE = : Γ−C/2(2ΓB/2 − Γ−B/2) : ,
ΘhE = 2∂φC .
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Moreover, any field depending on C does not commute with ΘhE . It remains to show
that any field that depends on B does not lie in E sl2[t]. We compute the normally ordered
product
1
6
(
: ΘxEΘ
y
E : −
1
2
∂ΘhE −
1
8
: ΘhEΘ
h
E :
)
=
1
12
: ∂φB∂φB : = TB .
Here TB is the Virasoro field of central charge one in the rank one lattice vertex algebra
generated by ΓB and Γ−B. Any field in E sl2[t] must commute with TB , and this is only true
of fields not depending on B. 
Unfortunately, we cannot describeWsl2[t] using any of our methods. In addition to the
elements vx, vy, vh, F, Cbbb, Cccc given above, the elements
Qγb = : γh
′
bh : + : γx
′
bx : + : γy
′
by :, Qβb = : βhbh : +2 : βxby : +2 : βybx :,
Qγc = : γh
′
ch
′
: +
1
2
: γx
′
cy
′
: +
1
2
: γy
′
cx
′
:, Qβc = : βhch
′
: + : βxcx
′
: + : βycy
′
:,
(4.1)
are part of the V3(osp(2|2))-structure. There are six additional elements ofWsl2[t] that we
can write down using using Weyl’s first fundamental theorem of invariant theory for so3.
G = : βhγx
′
cy
′
: − : βhγy′cx′ : +2 : βxγh′cx′ : −2 : βxγx′ch′ : −2 : βyγh′cy′ :
+ 2 : βyγy
′
ch
′
: − : bhcx′cy′ : +2 : bxcx′ch′ : −2 : bycy′ch′ :,
G¯ =
1
2
(− : βhγx′bx : + : βhγy′by : −2 : βxγh′by : + : βxγx′bh : +2 : βyγh′bx :
− : βyγy′bh : + : bxbhcx′ : −2 : bxbych′ : − : bybhcy′ : ),
Cγbb = − : γh′bxby : +1
2
: γx
′
bxbh : −1
2
: γy
′
bybh :,
Cβbb = : βhbxby : + : βxbybh : − : βybxbh :,
Cγcc = − : γh′cx′cy′ : − : γx′cy′ch′ : + : γy′cx′ch′ :,
Cβcc = : βhcx
′
cy
′
: −2 : βxcx′ch′ : +2 : βycy′ch′ : .
(4.2)
Remark 4.3. W coincides with the semi-infinite Weil complex of sl2 (see [FF]), and the zero mode
G(0) is the semi-infinite differential.
Recall that Ssl2[t] has a Virasoro element LSsl2[t] = LS − τS(LSug) of central charge zero,
which is given by
(4.3) LSsl2[t] =
1
2
(
4 : vxvy : + : vhvh : −∂vh).
Note that LSsl2[t] is not the usual Sugawara vector for V−3/2(sl2); we have
LSsl2[t](z)v
h(w) ∼ 3(z − w)−3 + vh(w)(z − w)−2 + ∂vh(w)(z − w)−1,
LSsl2[t](z)v
y(w) ∼ 2vy(w)(z − w)−2 + ∂vy(w)(z − w)−1,
LSsl2[t](z)v
x(w) ∼ ∂vx(w)(z − w)−1,
which shows that vx and vy are primary of weights zero and two, and vh is quasi-primary
of weight one. With this Virasoro element, Ssl2[t] →֒ W is a conformal embedding.
LetA denote the subalgebra ofWsl2[t] generated by vx, vy, vh, F, Cbbb, Cccc, together with
the vertex operators (4.1) and (4.2). We conjecture thatA is all ofWsl2[t], but we are unable
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to prove this at present. We will write down all nontrivial operator products among the
generators of A, and we will see that A is strongly generated by the above collection. We
start with the operator products of vx, vy, vh, F, Qγb, Qβb, Qγc, Qβc.
vx(z)vy(w) ∼ −3
2
(z − w)−2 + vh(w)(z − w)−1, vh(z)vh(w) ∼ −3(z − w)−2,
vh(z)vx(w) ∼ 2vx(w)(z − w)−1, vh(z)vy(w) ∼ −2vy(w)(z − w)−1,
F (z)F (w) ∼ 3(z − w)−2,
F (z)Qγc(w) ∼ Qγc(w)(z − w)−1, F (z)Qγb(w) ∼ −Qγb(w)(z − w)−1,
F (z)Qβc(w) ∼ Qβc(w)(z − w)−1, F (z)Qβb(w) ∼ −Qβb(w)(z − w)−1,
Qγb(z)Qβc(w) ∼ −3(z − w)−2 + (vh + F )(z − w)−1,
Qβb(z)Qγc(w) ∼ 3(z − w)−2 + (vh − F )(z − w)−1,
Qγb(z)Qγc(w) ∼ 2vx(z − w)−1, Qβb(z)Qβc(w) ∼ −2vy(z − w)−1,
vh(z)Qγb(w) ∼ Qγb(w)(z − w)−1, vy(z)Qγb(w) ∼ −Qβb(w)(z − w)−1,
vh(z)Qβb(w) ∼ −Qβb(w)(z − w)−1, vx(z)Qβb(w) ∼ −Qγb(w)(z − w)−1,
vh(z)Qγc(w) ∼ Qγc(w)(z − w)−1, vy(z)Qγc(w) ∼ −Qβc(w)(z − w)−1,
vh(z)Qβc(w) ∼ −Qβc(w)(z − w)−1, vx(z)Qβc(w) ∼ −Qγc(w)(z − w)−1.
These fields obey the operator product relations of the affine vertex superalgebra V3(osp(2|2)).
Next, Cγbb, Cβbb, Cbbb, G¯ transform under V3(osp(2|2)) as follows:
vh(z)Cγbb(w) ∼ Cγbb(w)(z − w)−1, vy(z)Cγbb(w) ∼ Cβbb(w)(z − w)−1,
vh(z)Cβbb(w) ∼ −Cβbb(w)(z − w)−1, vx(z)Cβbb(w) ∼ Cγbb(w)(z − w)−1,
F (z)Cγbb(w) ∼ −2Cγbb(w)(z − w)−1, F (z)Cβbb(w) ∼ −2Cβbb(w)(z − w)−1,
F (z)Cbbb(w) ∼ −3Cbbb(w)(z − w)−1, F (z)G¯(w) ∼ −G¯(w)(z − w)−1,
Qγb(z)Cβbb(w) ∼ −3Cbbb(w)(z − w)−1, Qβb(z)Cγbb(w) ∼ −3Cbbb(w)(z − w)−1,
Qβc(z)Cγbb(w) ∼ G¯(w)(z − w)−1, Qγc(z)Cβbb(w) ∼ G¯(w)(z − w)−1,
G¯(z)Qβb(w) ∼ Cβbb(w)(z − w)−1, G¯(z)Qγb(w) ∼ −Cγbb(w)(z − w)−1.
The transformations of Cγcc, Cβcc, Cccc, G under V3(osp(2|2)) are given by
vh(z)Cγcc(w) ∼ Cγcc(w)(z − w)−1, vy(z)Cγcc(w) ∼ Cβcc(w)(z − w)−1,
vh(z)Cβcc(w) ∼ −Cβcc(w)(z − w)−1, vx(z)Cβcc(w) ∼ Cγcc(w)(z − w)−1,
F (z)Cγcc(w) ∼ 2Cγcc(w)(z − w)−1, F (z)Cβcc(w) ∼ 2Cβcc(w)(z − w)−1,
F (z)Cccc(w) ∼ 3Cccc(w)(z − w)−1, F (z)G(w) ∼ G(w)(z − w)−1,
Qγc(z)Cβcc(w) ∼ −3Cccc(w)(z − w)−1, Qβc(z)Cγcc(w) ∼ −3Cccc(w)(z − w)−1,
Qγb(z)Cβcc(w) ∼ G(w)(z − w)−1, Qβb(z)Cγcc(w) ∼ G(w)(z − w)−1,
G(z)Qβc(w) ∼ Cβcc(w)(z − w)−1, G(z)Qγc(w) ∼ −Cγcc(w)(z − w)−1.
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Finally, the operator products ofCγcc, Cβcc, Cccc, GwithCγbb, Cβbb, Cbbb, G¯ can be expressed
in terms of fields in the image of V3(osp(2|2)) as follows:
Cγbb(z)Cγcc(w) ∼ −2vx(w)(z − w)−2+(
: Qγb(w)Qγc(w) : +2 : vx(w)F (w) : −2∂vx(w)
)
(z − w)−1,
Cβbb(z)Cβcc(w) ∼ 2vy(w)(z − w)−2+(
: Qβb(w)Qβc(w) : −2 : vy(w)F (w) : +2∂vy(w)
)
(z − w)−1,
Cγbb(z)Cβcc(w) ∼ −3(z − w)−3 + (vh(w) + 2F (w))(z − w)−2−(
: Qβb(w)Qγc(w) : + : vh(w)F (w) : +
1
2
: F (w)F (w) : −1
2
∂F (w)− ∂vh(w)
)
(z − w)−1,
Cγcc(z)Cβbb(w) ∼ −3(z − w)−3 + (vh(w)− 2F (w))(z − w)−2−(
: Qβc(w)Qγb(w) : − : vh(w)F (w) : +1
2
: F (w)F (w) : +
1
2
∂F (w)− ∂vh(w)
)
(z − w)−1,
Cγcc(z)Cbbb(w) ∼ Qγb(w)(z − w)−2 + ( : Qγb(w)F (w) : )(z − w)−1,
Cβcc(z)Cbbb(w) ∼ −Qβb(w)(z − w)−2 − ( : Qβb(w)F (w) : )(z − w)−1,
Cγbb(z)Cccc(w) ∼ Qγc(w)(z − w)−2 − ( : Qγc(w)F (w) : )(z − w)−1,
Cβbb(z)Cccc(w) ∼ −Qβc(w)(z − w)−2 + ( : Qβc(w)F (w) : )(z − w)−1,
Cccc(z)Cbbb(w) ∼ −(z − w)−3 − F (w)(z − w)−2 − 1
2
(
: F (w)F (w) : +∂F (w)
)
(z − w)−1,
G(z)Cbbb(w) ∼ − : Qγb(w)Qβb(w) : (z − w)−1,
G(z)Cγbb(w) ∼ Qγb(w)(z − w)−2 + ( : vhQγb : −2 : vxQβb : −∂Qγb)(z − w)−1,
G(z)Cβbb(w) ∼ −Qβb(w)(z − w)−2 + (2 : vyQγb : + : vhQβb : +∂Qβb)(z − w)−1,
G¯(z)Cccc(w) ∼: Qβc(w)Qγc(w) : (z − w)−1,
G¯(z)Cγcc(w) ∼ Qγc(z − w)−2 − (2 : vx(w)Qβc(w) : −vh(w)Qγc(w) : +∂Qγc(w))(z − w)−1,
G¯(z)Cβcc(w) ∼ −Qβc(z − w)−2 + (2 : vy(w)Qγc(w) : +vh(w)Qβc(w) : +∂Qβc(w))(z − w)−1,
G(z)G¯(w) ∼ 3(z − w)−3 + F (w)(z − w)−2 +
(
− 4 : vx(w)vy(w) : + : vh(w)vh(w) :
+ : Qγb(w)Qβc(w) : − : Qβb(w)Qγc(w) : +1
2
: F (w)F (w) : +2∂vh(w)− 1
2
∂F (w)
)
(z − w)−1.
(4.4)
5. THE ODAKE ALGEBRA STRUCTURE
Recall thatWsl2[t] has a conformal vector LWsl2[t] = LW−τW(LSug) of central charge zero,
which is given by
LWsl2[t] = : β
h∂γh
′
: + : βx∂γx : + : βy∂γy
′
: − : bh∂ch′ : − : bx∂cx : − : by∂cy′ :
+
1
4
(
: ΘxWΘ
y
W : + : Θ
y
WΘ
x
W : +
1
2
: ΘhWΘ
h
W :
)
.
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In fact, LWsl2[t] lies in A and hence can be realized as a normally ordered polynomial in
the generators of A as follows:
LWsl2[t] = G ◦0 G¯+ LSsl2[t],
where G ◦0 G¯ is given by (4.4) and LSsl2[t] is given by (4.3). Define
L = G ◦0 G¯− 1
2
∂F = LWsl2[t] − LSsl2[t] −
1
2
∂F.
It is straightforward to check that L is a Virasoro element in C(sl2,C3)with central charge
9, G, G¯ are both primary of weight 3
2
with respect to L, and F is primary of weight 1.
Moreover, (2.3) is satisfied, so G, G¯, F, L represent a copy of the N = 2 superconformal
vertex algebra inside C(sl2,C3). Finally, we define elements
X = Cccc, X¯ = Cbbb,
Y =
1
2
G¯(0)(X) =
1
2
: QβcQγc :, Y¯ =
1
2
G(0)(X¯) = −1
2
: QγbQβb : .
It is straightforward to check that X, X¯, Y, Y¯ lie in C(sl2,C3) and are primary of weights
3
2
, 3
2
, 2, 2with respect to L.
Lemma 5.1. The fields F, L,G, G¯,X, X¯, Y, Y¯ satisfy the operator product relations of Odake’s
algebra O, as well as the normally ordered polynomial relations (2.4).
Proof. This is a straightforward calculation. 
Lemma 5.2. We have an isomorphism of vertex algebras
C(sl2,C3) ∼= Com(V0(sl2), V−4(sl2)⊗ E).
Proof. Recall that ΘS and Ssl2[t] form a Howe pair inside S, and that ΘS is isomorphic to
V−4(sl2). It follows that
C(sl2,C3) = Com(V0(sl2)⊗ Ssl2[t],W) = Com(V0(sl2),Com(Ssl2[t],W))
= Com(V0(sl2),ΘS ⊗ E) = Com(V0(sl2), V−4(sl2)⊗ E).

For the sake of illustration, we rewrite the generators L,G, G¯, Y, Y¯ in terms of the gen-
erators Xx, Xy, Xh of V−4(sl2).
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L = −1
2
: XxXy : −1
2
: XyXx : −1
4
: XhXh : −1
2
: XxΘyE : −
1
2
: XyΘxE : −
1
4
: XhΘhE :
+
1
2
: FF : +∂F − 2LE ,
G = : Xxcx
′
: + : Xycy
′
: + : Xhch
′
: +
1
2
(: ΘxEc
x′ : + : ΘyEc
y′ : + : ΘhEc
h′ :),
G¯ = −1
2
(: Xxby : + : Xybx : +
1
2
: Xhbh :)− 1
4
(: ΘxEb
y : + : ΘyEb
x : +
1
2
: ΘhEb
h :),
Y = −1
8
(: Xhcx
′
cy
′
: −2 : Xxcx′ch′ : +2 : Xycy′ch′ :)−
1
16
(: ΘhEc
x′cy
′
: −2 : ΘxEcx
′
ch
′
: +2 : ΘyEc
y′ch
′
:),
Y¯ =
1
2
(: Xhbxby : + : Xxbybh : − : Xybxbh :) + 1
4
(: ΘhEb
xby : + : ΘxEb
ybh : − : ΘyEbxbh :).
For an arbitrary k ∈ C, we may consider the commutant
Ck = Com(Vk+4(sl2), Vk(sl2)⊗ E),
where the generators of Vk(sl2) and Vk+4(sl2) are X
ξ and Xξ + ΘξE , respectively, for ξ =
x, y, h. Then C(sl2,C3) ∼= C−4. This deformation of C(sl2,C3) is a special case of a construc-
tion that is well known in the physics literature (see [BFH]), and we have
lim
k→∞
Ck ∼= ESL2.
Moreover, there is a linear map Ck → ESL2 defined as follows. Each element ω ∈ Ck of
weight d can be written uniquely in the form ω =
∑d
r=0 ωr where ωr lies in the space
(Vk(sl2)⊗ E)(r)
spanned by terms of the form α ⊗ ν where α ∈ Vk(sl2) has weight r. Clearly ω0 ∈ ESL2 so
we have a well-defined linear map
φk : Ck → ESL2, ω 7→ ω0.
Note that φk is not a vertex algebra homomorphism for any k. By the same argument as
Lemmas 8.3 and 8.4 of [CL], φk is a linear isomorphismwhenever Vk(sl2) is a simple vertex
algebra. The values of k for which Vk(sl2) is simple were determined by Kac-Gorelik in
[GK], and in particular V−4(sl2) is simple. We conclude that C(sl2,C3) has the same graded
character as ESL2 .
We are now in a position to prove our main result.
Theorem 5.3. C(sl2,C3) is strongly generated by the fields F, L,G, G¯,X, X¯, Y, Y¯ , and is isomor-
phic to Odake’s algebraO.
Proof. SinceO is a simple vertex algebra, any vertex algebra with the same generators, op-
erator product relations, and graded character must be isomorphic to O. Since C(sl2,C3)
contains a subalgebra with the same generators and operator product relations as O, and
C(sl2,C3) has the same graded character as ESL2 , it suffices to show that the graded char-
acters of ESL2 and O coincide. First, note that E is triply graded by conformal weight and
the eigenvalues of F (0) and ΘhE(0), and
16
ch[E ](z;w; q) = trE(qL(0)zF (0)wΘhE(0))
=
∞∏
n=1
(1 + qn−
1
2zw2)(1 + qn−
1
2 z−1w2)(1 + qn−
1
2zw−2)(1 + qn−
1
2 z−1w−2)(1 + qn−
1
2z)(1 + qn−
1
2 z−1)
=
∞∏
n=1
(1 + zqn−
1
2 )(1 + z−1qn−
1
2 )
(1− qn)2
∑
m,s∈Z
zm+sw2(m−s)qm
2/2+s2/2.
For the last equality, we used Jacobi’s triple product formula. Then ch[ESL2](z; q) is ob-
tained from ch[E ](z;w; q) by taking the difference between the coefficients of w0 and w2,
namely
ch[ESL2](z; q) =
∞∏
n=1
(1 + zqn−
1
2 )(1 + z−1qn−
1
2 )
(1− qn)2
∑
m∈Z
qm
2
z2m − qm2+m+ 12 z2m+1 = ch[O](z; q).

Finally, combining Theorems 3.1, 4.1, and 5.3, we see that V−3/2(sl2) andO form a Howe
pair insideWsl2[t].
6. THE CASE WHERE g = sl2 AND V IS THE STANDARD MODULE
In this section, we consider Eg[t], Sg[t], Wg[t], and C(g, V ) in the simplest case where
g = sl2 and V is the standard module C
2. In this case, a description of Sg[t], Eg[t], andWg[t]
appears in [LSS].
Theorem 6.1. Let V the standard sl2-module C
2.
(1) Ssl2[t] is a rank one Heisenberg algebra with generator : β1γ1 : + : β2γ2 :.
(2) E sl2[t] is isomorphic to the irreducible quotient L1(sl2) of the affine vertex algebra V1(sl2), and
has generators : b1c1 : + : b2c2 :, : b1b2 :, and : c1c2 :.
(3) Wsl2[t] is a homomorphic image of V1(sl(2|1)) with generators
H = : β1γ1 : + : β2γ2 :,
F = − : b1c1 : − : b2c2 :, E+ = : b1b2 :, E− = : c1c2 :,
Q−1 = : β
1c1 : + : β2c2 :, Q+1 = : b
1γ1 : + : b2γ2 :,
Q+2 = : b
1β2 : − : b2β1 :, Q−2 = : γ1c2 : − : γ2c1 : .
(6.1)
We now give an alternative realization of V1(sl(2|1)). For this, we need the Friedan-
Martinec-Shenker bosonization of bosons [FMS]. This is an embedding of the rank 1
βγ-system with generators β, γ into the vertex algebra VL ⊗ F , where L is the lattice Z
and F is the symplectic fermion vertex algebra with generators χ± and operator product
relations χ+(z)χ−(w) ∼ (z − w)−2. Let ψ be a boson with operator product expansion
ψ(z)ψ(w) ∼ − ln(z − w),
and let η = 1 be the generator of L, so that VL has generators Γ±η. The βγ-system embeds
into VL ⊗ F via the map
β 7→ : Γηχ+ :, γ 7→ : Γ−ηχ− : .
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Now we bosonize the entire bcβγ-systemW . For j = 1, 2, denote by φj, ψj bosons with
operator product expansions
φj(z)φj(w) ∼ ln(z − w), ψj(z)ψj(w) ∼ − ln(z − w),
respectively. Let L be the rank 4 lattice Z4 with generators
ξ1 = (1, 0, 0, 0), ξ2 = (0, 1, 0, 0), η1 = (0, 0, 1, 0), η2 = (0, 0, 0, 1),
and quadratic form
ξjξj = 1, ηjηj = −1,
so that the lattice has signature (2, 2). For j = 1, 2 let Γ±ξj ,Γ±ηj be the corresponding
generators for VL. Let F be the rank 2 symplectic fermion algebra with generators χ±j and
operator products χ+j (z)χ
−
j (w) ∼ (z − w)−2. We have an embeddingW → VL ⊗ F given
by
bj 7→ Γξj , cj 7→ Γ−ξj , : bjcj : 7→ ∂φj
βj 7→ : Γηjχ+j :, γj 7→ : Γ−ηjχ−j :, : βjγj : 7→ ∂ψj .
(6.2)
Define φ± = φ1±φ2 and ψ± = ψ1±ψ2. We have the corresponding elements ξ± = ξ1±ξ2
and η± = η1 ± η2 of the lattice L. Define
√
2χ+ = : Γ 1
2
(ζ−−η−)
χ+2 : + : Γ 1
2
(−ζ−+η−)
χ+1 :,√
2χ− = : Γ 1
2
(−ζ−+η−)
χ−2 : + : Γ 1
2
(ζ−−η−)
χ−1 : .
(6.3)
The operators products of χ±, φ+ and ψ+ are
(6.4) φ+(z)φ+(w) ∼ 2 ln(z−w), ψ+(z)ψ+(w) ∼ −2 ln(z−w), χ+(z)χ−(w) ∼ (z−w)−2.
Lemma 6.2. The generators ofWsl2[t] can be expressed in the form
H = ∂ψ+,
F = −∂φ+, E+ = Γξ+ , E− = Γ−ξ+,
Q−1 =
√
2 : Γ 1
2
(−ξ++η+)
χ+ :, Q+1 =
√
2 : Γ 1
2
(ξ+−η+)
χ− :,
Q+2 =
√
2 : Γ 1
2
(ξ++η+)
χ+ :, Q−2 =
√
2 : Γ 1
2
(−ξ+−η+)
χ− : .
Proof. This follows by inserting (6.2) and (6.3) into (6.1). 
Theorem 6.3. C(sl2,C2) ∼= L1(sl2)⊗W3,−2, whereW3,−2 denotes the ZamolodchikovW3-algebra
with central charge c = −2.
Proof. We denote the lattice vertex algebra whose generators are Γ± 1
2
η+
by Vψ. Let Vφ be
the lattice vertex algebra generated by Γ± 1
2
ξ+
, and call VSF the vertex algebra generated by
χ±, which is a symplectic fermion algebra by (6.4). Introduce a Z-grading VSF = ⊕Vn by
saying that an element of the form : ∂a1χ+ · · ·∂arχ+∂b1χ− · · ·∂bsχ− has grade r−s. Clearly
Wsl2[t] is a subalgebra of Vψ ⊗ Vφ ⊗ VSF, and Com(Ssl2[t], Vψ ⊗ Vφ ⊗ VSF) = Vφ ⊗ VSF. Hence
Com(Ssl2[t],Wsl2[t]) =Wsl2[t] ∩ (Vφ ⊗ VSF) = L1(sl2)⊗ (Wsl2[t] ∩ VSF).
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Wsl2[t] is graded by bothH(0) and the Z-grading of symplectic fermions. The two gradings
differ by a factor of −2, henceWsl2[t] ∩ VSF ⊂ V0. We will show that all fields of the form
: ∂aχ+∂bχ− : are inWsl2[t], which implies that
(6.5) C(sl2,C2) ∼= L1(sl2)⊗ V0.
For this, we introduce an ordering as follows : ∂aχ+∂bχ− :> : ∂a
′
χ+∂b
′
χ− : if a+ b > a′+ b′
or if a+b = a′+b′ and a > a′. We prove the claim by induction on this ordering. Certainly
1 ∈ V0 ∩Wsl2[t]. We compute
: ∂aQ−1 ∂
bQ+1 : = −2 : ∂aχ+∂bχ− : +V (χ±, F +H)
where V (χ±, F +H) is a field expressed in terms of F +H and its derivatives as well as
fields of lower degree in V0. By the induction hypothesis, V (χ
±, F + H) in Wsl2[t], and
hence the same is true for all fields of the form : ∂aχ+∂bχ− :. Furthermore, every field
of V0 can be written as a normally ordered polynomial in such fields. This completes the
proof of (6.5).
Finally, note that V0 is generated as a vertex algebra by the fields
L = : χ+χ− :, W =
1√
6
: (∂χ+)χ− : − 1√
6
: χ+∂χ− :
of weights 2 and 3. It is not difficult to check that W is primary of weight 3 with respect
to L, and satisfies the operator product
W (z)W (w) ∼ −2
3
(z − w)−6 + 2L(w)(z − w)−4 + ∂L(w)(z − w)−3
+(
8
3
: L(w)L(w) : −1
2
∂2L(w))(z − w)−2
+(
4
3
∂(: L(w)L(w) :)− 1
3
∂3L(w))(z − w)−1.
This shows that V0 coincides with the ZamolodchikovW3-algebra with c = −2 [Za]. 
Remark 6.4. A family of quasi-rational vertex algebras [AMI, AMII] are the W(p, q) triplet
theories for positive co-prime integers p < q, which were first introduced in physics in [Kau].
These have central charge c = 1 − 6(p − q)2/(pq), and the algebra is strongly generated by the
Virasoro field and three fields of conformal dimension (2p − 1)(2q − 1). The algebra contains a
singlet subalgebra with only one generator in addition to the Virasoro field. The simplest case is
W(1, 2), which is known to be a subalgebra of symplectic fermions [GKau]. V0 also coincides with
the singlet subalgebra of theW(1, 2) triplet vertex algebra.
Remark 6.5. We have realized the singlet algebra at c = −2 as a commutant involving V1(sl(2|1))
and also V−1/2(sl2). There are related observations, namely there are constructions [R, CR] relat-
ing the W(1, 2) singlet and triplet algebra to V (gl(1|1)) and V−1/2(sl2) as well as the W(1, 3)
singlet algebra to V−4/3(sl2) [A]. Moreover V1(sl(2|1)) is a simple current extension of V (gl(1|1))
[CR].
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